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POSITIVE TOPOLOGICAL ENTROPY FOR MAGNETIC FLOWS ON
SURFACES.
JOSE´ ANTOˆNIO GONC¸ALVES MIRANDA
Abstract. We study the topological entropy of the magnetic flow on a closed riemannian surface.
We prove that if the magnetic flow has a non-hyperbolic closed orbit in some energy set T cM =
E−1(c), then there exists an exact C∞-perturbation of the 2-form Ω such that the new magnetic
flow has positive topological entropy in T cM . We also prove that if the magnetic flow has an
infinite number of closed orbits in T cM , then there exists an exact C1-perturbation of Ω with
positive topological entropy in T cM . The proof of the last result is based on an analog of Franks’
lemma for magnetic flows on surfaces, that is proven in this work, and Man˜e´’s techniques on
dominated splitting. As a consequence of those results, an exact magnetic flow on S2 in high
energy levels admits a C1-perturbation with positive topological entropy. In the appendices we
show that an exact magnetic flow on the torus in high energy levels admits a C∞-perturbation
with positive topological entropy.
1. Introduction and statements.
Let M be a closed and oriented surface with a smooth riemannian metric g and π : TM →M its
tangent bundle. Let ω0 be the symplectic structure on TM obtained by pulling back the canonical
symplectic structure of the cotangent bundle T ∗M using the riemannian metric g. For any x ∈M ,
let i : TxM → TxM be the linear map such that {v, i · v} is a positive oriented orthogonal basis for
TxM . Consider the 2-form Ω0 in M defined by:
Ω0(x)(u, v) = gx( i · u , v ) ( Area form ).
We denote by Ω2(M) the set of all smooth 2-forms on M . Since M is a surface, if Ω ∈ Ω2(M),
there exist a smooth function f : M → IR such that Ω = f · Ω0. Therefore, we can consider the
Ck-topology in Ω2(M) as being the Ck-topology in the space of smooth functions on M , which we
denote by Ck(M).
Given Ω = f · Ω0 ∈ Ω2(M), let ω(Ω) be the symplectic structure in TM defined by
ω(Ω) = ω0 + π
∗Ω = ω0 + (f ◦ π) · π
∗Ω0
which is called the twisted symplectic structure. Let E : TM → IR be the hamiltonian given by
E(x, v) =
1
2
gx(v, v) (Kinetic Energy).
The magnetic field associated to Ω is the hamiltonian field X(Ω) = Xf of the hamiltonian E with
respect to ω(Ω). The magnetic flow associated to Ω is the hamiltonian flow φt(Ω) = φ
f
t : TM → TM
induced by the vector field X(Ω). This flow models the motion of a unit mass particle under the
effect of the Lorentz force Y = f · i. In other words, a curve t 7→ (γ(t), γ˙(t)) ⊂ TM is an orbit of φt
if and only if γ : IR →M satisfies:
(1)
D
dt
γ˙ = Yγ(γ˙) = f(γ) i · γ˙.
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Observe that if Ω ≡ 0 (i.e. f ≡ 0), the above equation coincides with the geodesic equation on M
for the riemannian metric g. A curve which satisfies equation (1) is called an Ω-magnetic geodesic.
For c > 0, let T cM be the bundle defined by T cM = E−1(c). Note that T cM is a compact
invariant submanifold of TM and that the restriction of φΩt to T
cM has no fixed points.
When Ω is an exact 2-form (i.e. Ω = dη), we can define the convex and superlinear lagrangian
Lη : TM → IR as
Lη(x, v) =
1
2
gx(v, v)− ηx(v).
Computing the Euler-Lagrange equation of L, we obtain that the extremal curves coincide with the
dη-magnetic geodesics. Then the magnetic flow associated to dη can be studied as a lagrangian flow.
In this case the flow is called exact magnetic flow.
Magnetic flows have attracted considerable attention in recent years. This class of dynamical
systems was first considered by V.I. Arnold in [2] and by D. V. Anosov and Y. G. Sinai in [1].
remarkable properties of magnetic flows were obtained by many authors; we refer to [14, 28, 6, 5, 10].
In this work we are interested to study the behavior of the functional Ω 7→ htop(Ω, c) for a prescribed
energy level c > 0, where htop(Ω, c) = htop(g,Ω, c) denotes the topological entropy of φ
Ω
t
∣∣
T cM
.
The topological entropy is a dynamical invariant that, roughly speaking, measures its orbit struc-
ture complexity. Its precise definition can be found in [4]. The relevant question about the topological
entropy is whether it is positive or vanishes. Standard arguments in dynamical systems show that
if a flow contains a transversal homoclinic orbit then it has positive topological entropy (in fact it
contains a nontrivial hyperbolic set). Conversely, if htop(Ω, c) > 0, the result of A. Katok [18] implies
that φΩt presents a transversal homoclinic orbit in T
cM . In particular, it has infinitely many closed
orbits.
The main results of this paper are:
Theorem 1.1. Let M be a closed oriented surface with a smooth metric g. Let Ω be a 2-form on
M and c > 0. Suppose that the magnetic flow φΩt has a non-hyperbolic closed orbit in T
cM . Then
there is an exact 2-form dη of arbitrarily small norm, in the Cr-topology (with 4 ≤ r ≤ ∞), such
that htop(Ω + dη, c) > 0.
Theorem 1.2. Let M be a closed oriented surface with a smooth metric g. Let Ω be a 2-form
on M and c > 0. Suppose that the magnetic flow φΩt has an infinite number of closed orbits in
T cM . Then there is an exact 2-form dη of arbitrarily small norm, in the C1-topology, such that
htop(Ω + dη, c) > 0.
Two important tools to prove these theorems are a version of the conservative Kupka-Smale
theorem for magnetic flows on surfaces, and a family of generic properties for the k-jet of the
Poincare´ map of all closed orbits, both proven in [27]. We will give the precise statements in section
2. In order to prove theorem 1.1, we will show that if there exists a non-hyperbolic closed orbit
in T cM , then we can approximate Ω by another 2-form in the same cohomology class of Ω, such
that, the corresponding magnetic flows has an elliptic closed orbit in T cM for which the Poincare´
map is a generic exact twist map in a neighborhood of the elliptic fixed point. Then, a result of
Le Calvez [20] implies that the Poincare´ map has a transversal homoclinic point. Therefore, the
magnetic flow can be approximated by another one with positive topological entropy. We will give
the details of these arguments in section 3. Hence, in order to prove theorem 1.2, we can assume
that all closed magnetic geodesics in T cM are hyperbolic. Using Man˜e´’s technique of dominated
splitting [21] and an analog of the Franks’ lemma (theorem 4.1) for magnetic flows on surface, we
will obtain a nontrivial hyperbolic set of φΩt in T
cM . Since Man˜e´’s technique and Franks’ lemma
only work in the C1-topology, we only obtain this approximation in the C1-topology. The details
and statements are given in section 5.
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Let us now describe an application of theorems 1.1 and 1.2 to exact magnetic flows on S2 in high
energy levels. We recall the definition of the strict Man˜e´’s critical value for convex and superlinear
lagrangians (cf. [23, 8] and [29]). Let L : TM → IR be a convex and superlinear lagrangian. The
strict Man˜e´’s critical values of L is the real number c0(L) such that
c0(L) = inf{k ∈ IR;
∫ T
0
(L(γ(t), γ˙(t)) + k) dt ≥ 0 for any absolutely continuous closed curve γ
homologous to zero defined in any closed interval [0,T]}.
It is well known that for an arbitrary surface M , if Ω = dη and c > c0(Lη), then the restriction
of the exact magnetic flow in the energy set T cM is a reparametrization of a geodesic flow in the
unit tangent bundle for an appropriate Finsler metric on M (cf. [9]). Recall that a Finsler metric
is a function F : TM → IR such that: F is differentiable away from the zero section, its second
derivative in the direction of the fibres is positive defined and F (x, λ v) = λF (x, v) for all λ > 0 and
(x, v) ∈ TM . If g is a riemannian metric on M , then F (x, v) = gx(v, v)1/2 is a trivial example of
a Finsler metric. We say that a Finsler metric is bumpy if all closed geodesics are non-degenerate,
this is, if the linearized Poincare´ map of every closed geodesic does not admit a root of unity as an
eigenvalue.
Many results for geodesic flows of a riemannian metric remain valid for Finsler metrics, but, in
contrast with the riemannian case, there exist examples of bumpy Finsler metrics on S2 with only
two closed geodesics. These examples were given by Katok in [17] and were studied geometrically
by Ziller in [35].
The following theorem is a particular case of a result proved by Radamacher in [30, theorem
3.1(b)] for bumpy geodesic flows on compact simply-connected manifold satisfying a topological
condition over its rational cohomology algebra H∗(M,Q). This condition holds for S2 and this
result remains valid for bumpy Finsler metrics (cf. [30, pg. 81]). See also the theorem proved by
N. Hingston in [15, section 6.2].
Theorem 1.3. Let F : TS2 → IR be a bumpy Finsler metric on S2. Suppose that there are only
finitely many closed geodesics for F in S2. Then there is least one non-hyperbolic closed geodesic.
Combining theorem 1.3 with theorems 1.1 and 1.2, we obtain the following proposition, which is
a version of a result for geodesic flows on S2 proved by G. Contreras and G. Paternain in [12], for
the class of flow studied here.
Proposition 1.1. Let Ω = dη be an exact 2-form in (S2, g). Then, for any c > c0(Lη) there is an
exact 2-form dη on S2, of norm arbitrarily small in the C1-topology, such that htop(d(η+ η), c) > 0.
A 2-form Ω on M is said to be weakly exact if its lift to the universal covering M˜ of M is exact.
Of course an exact form is weakly exact. If Ω is weakly exact then the lift of the magnetic flow to
M˜ is an exact magnetic flow and we can define the critical value c(g,Ω) = c(Ω) as the strict critical
value of the lagrangian on TM˜ corresponding to the lifted flow on TM˜ , that can be infinite. In fact
c(Ω) < ∞ if and only if the lift of Ω has a bounded primitive (cf. [5]). For surfaces M of genus
≥ 2, each Ω ∈ Ω2(M) is weakly exact and we always have c(Ω) < ∞. In this case, K. Burns and
G.Paternain proved that htop(Ω, c) > 0 for all Ω ∈ Ω2(M) and for all c > c(Ω) [5, proposition 5.4].
In Appendix A, using results of [25], [11] and [24], we prove a result analogous to proposition 1.1
for the two-dimensional torus by performing perturbations in the C∞-topology.
2. preliminaries: generic properties
In this section we will give the statements of some results proved in [27] that we shall use in the
proof of the main results of this work.
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We say that a property P is Cr-generic for magnetic flows if, for any c > 0, there exists a subset
O(c) ⊂ Ω2(M), such that:
(a) The subset Oh(c) := O(c) ∩ {Ω ∈ Ω2(M); [Ω] = h} is Cr-residual in {Ω ∈ Ω2(M); [Ω] = h},
for all h ∈ H2(M, IR).
(b) The flow φΩt
∣∣
T cM
has the property P , for all Ω ∈ O(c).
The following theorem is a conservative version of the Kupka-Smale theorem for magnetic flows
on surfaces.
Theorem 2.1. [27, theorem 1.2] Let M be a closed and oriented surface with a smooth metric g.
The following property:
PK−S :
{
(i) all closed orbits are hyperbolic or elliptic
(ii) all heteroclinic points are transversal
is Cr-generic for magnetic flows on surfaces, with 1 ≤ r ≤ ∞.
Let us recall some facts about the jet space for symplectic maps in (IR2n, ω0). Let Diffω0(IR
2n, 0)
be the space of smooth symplectic diffeomorphisms f : (IR2n, ω0) → (IR2n, ω0) that fix the origin.
Given k ∈ IN , consider the equivalence relation ∼k in Diffω0(IR
2n, 0), defined as:
f ∼k g ⇔ the Taylor polynomials of degree k at zero are equal.
We define the k-jet of f ∈ Diffω0(IR
2n, 0), which we will denote by jk(f) = jk(f)(0), as the
equivalence class with respect to the relation ∼k. The space of symplectic k-jets Jks (n) is the set of
all equivalence class with respect to the relation ∼k of elements of Diffω0(IR
2n, 0). When k = 1, we
can identify J1s (n) with Sp(n). We say that a subset Q ⊂ J
k
s (n) is invariant when σ ·Q · σ
−1 = Q,
for all σ ∈ Jks (n).
Let θt = φ
Ω
t (θ) be a periodic orbit with period T > 0 in T
cM and Σ ⊂ T cM be a local transversal
section in the energy level T cM over the point θ. Then, the twisted symplectic form ω(Ω) induces
a symplectic form on Σ and the Poincare´ map P (θ,Σ,Ω) : Σ → Σ preserves this form. Therefore,
using Darboux coordinates, we can assume that jk(P (θ,Σ,Ω)) ∈ Jks (1). The fact that j
k(P (θ,Σ,Ω))
belongs to an invariant subset Q is independent of the chosen section Σ ⊂ T cM and of the chosen
coordinates of Σ.
Theorem 2.2. [27, theorem 1.3] Let θt = φ
Ω
t (θ) be a closed orbit. Let Q ⊂ J
k
s (1) be an open and
invariant, such that jk(P (θ,Σ,Ω)) ∈ Q. Then there exists an exact 2-form dη ∈ Ω2(M), arbitrarily
Cr-close to zero, with r > k, such that
(i) θt is a closed orbit of φ
Ω+dη
t and
(ii) jk(P (θ,Σ,Ω + dη)) ∈ Q.
3. magnetic flows with a non-hyperbolic closed orbit
Let us recall the Birkhoff’s Normal Form (for a proof see [32, pg. 222]).
Theorem 3.1. Let f be a C4 diffeomorphism defined in a neighborhood of 0 ∈ IR2 such that f
preserves the area form dx ∧ dy and f(0) = 0. Suppose that the eigenvalues of d0f satisfy: |λ| = 1
and λn 6= 1, for all n ∈ {1, ..., 4}. Then there exists a C4 diffeomorphism h, defined in a neighborhood
of 0 such that: h(0) = 0, h preserves the form dx ∧ dy and
h−1 ◦ f ◦ h(r, θ) = ( r , θ + α+ βr2 ) +O(r4)
in polar coordinates (r, θ). Moreover, the property of β 6= 0 depends only on f .
We say that a homeomorphism f : [a, b] × S1 → [a, b] × S1 is a twist map if for all θ ∈ S1 the
function [a, b] 7→ π2 ◦ f(·, θ) ∈ S1 is strictly monotonic . Observe that if the coefficient β = β(f) in
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the normal form is not equal to zero, then f is conjugated to a twist map in [0, ǫ]× S1, for ǫ small
enough.
We shall use the following result:
Proposition 3.1 (Le Calvez [20, Remarques pg.34]). Let f be a diffeomorphism of the annulus
IR × S1 that is an area preserving twist map and is such that the form f∗(Rdθ) − Rdθ is exact.
Suppose f has the following properties:
(i) for every periodic point x of period q ≥ 1, the real number 1 is not an eigenvalue of dxf q,
(ii) the stable and unstable manifolds of any couple of hyperbolic periodic points of f intersect
transversally (i.e. whenever they meet, they meet transversally).
Then f has periodic orbits with homoclinic points.
We are now ready to show theorem 1.1.
3.1. Proof of theorem 1.1. Let θt = φ
Ω
t (θ) be a non-hyperbolic closed orbit of minimal period
T > 0, contained in T cM . Let P = P (θ,Σ,Ω) be the Poincare´ map for a local transversal section
Σ ⊂ T cM that contains the point θ. Since θt is non-hyperbolic, the eigenvalues of dθP are of the
form e±2πiα, with α ∈ [0, 1). Recall that the symplectic twisted form ω(Ω) induces a symplectic
structure in Σ and P : Σ → Σ preserves this structure. Therefore, via Darboux coordinates, we
can suppose that P is an area preserving diffeomorphism defined in a neighborhood of 0 ∈ IR2 and
P (0) = 0.
Define Q ⊂ J3s (1) as:
Q =
{
σ ◦ fα,β ◦ σ
−1 ; σ ∈ J3s (1), β 6= 0, and nα /∈ IN for all n ∈ {1, 2, 3, 4}
}
,
where fα,β : IR
2 → IR2 is given by fα,β(r, θ) = (r, θ + α+ βr2) +O(r4), in polar coordinates.
By the Birkhoff’s normal form (theorem 3.1), the subset Q ⊂ J3s (1) is open and invariant. Since
the orbit θt is non-hyperbolic, we have that j
3(P (θ,Σ,Ω)) ∈ Q. Applying the theorem 2.2, we obtain
an exact 2-form dη arbitrarily close to 0 ∈ Ω2(M) in the Cr-topology (with r ≥ 4) such that θt is a
closed orbit of same period for the flow φΩ+dηt and j
k(P (θ,Σ,Ω + dη)) ∈ Q.
Observe that θt is elliptic for the perturbed flow φ
Ω+dη
t . Therefore, there is a neighborhood
U ⊂ Ω2(M) of (Ω + dη) such that, for all Ω ∈ U , the flow φΩt
∣∣∣
T cM
has an elliptic closed orbit
θt = θt(Ω) close to θt that we call analytic continuation of θt. Since Q is open, if the neighborhood
U is taken small enough, we can assume that j3(P (θ,Σ,Ω)) ∈ Q, for all Ω ∈ U .
On the other hand, by theorem 2.1, there is a Cr-residual subset O(Ω, c) ⊂ {Ω ∈ Ω2(M); [Ω] =
[Ω]} (with r ≥ 4) such that, for each Ω ∈ O(Ω, c), the corresponding magnetic flow φΩt
∣∣∣
T cM
satisfies
the property PK−S : all periodic orbits are elliptic or hyperbolic and all heteroclinic orbits are
transversal. Then, for each closed orbit of φΩt
∣∣∣
T cM
its Poincare´ map satisfy the conditions (i) and
(ii) of proposition 3.1.
Since O(Ω, c) is a residual subset of {Ω ∈ Ω2(M); [Ω] = [Ω]} we can Cr-approximate dη (with
r ≥ 4) by an exact 2-form dη such that (Ω + dη) ∈ O(Ω, c) ∩ U . Hence, if θt is the analytic
continuation of θt, then f := P (θ,Σ,Ω + dη) satisfies j
3(f) ∈ Q and the conditions (i) and (ii) of
proposition 3.1.
By definition of Q, the map f is conjugated to a twist map f0 = hfh
−1, in polar coordinates.
In order to apply proposition 3.1, we need to do a change of coordinates which transforms f0 into
a twist map T : IR+ × S1 → IR+ × S1, such that the 1-form T ∗(Rdθ) − Rdθ is exact. Then the
existence of a homoclinic orbit implies the existence of a non-trivial hyperbolic basic set.
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In fact, we consider the following maps:
(x, y) // (r, θ) // (12r
2, θ) = (R, θ)
D
P
//
f

IR+ × S1 //
f0

IR+ × S1
T

D // IR+ × S1 // IR+ × S1
where D = {z ∈ C; |z| < 1 }, P−1(r, θ) = (r cos θ, r sin θ). Let G(x, y) = (12r
2, θ) = (R, θ).
Then λ := G∗(R dθ) = 12 (x dy − y dx). Observe that dλ = dx ∧ dy is the area form D. Since D is
contractible, we have that f0
∗(λ)−λ is exact. Therefore T ∗(Rdθ)−Rdθ is exact. Since R(r) = 12 r
2
strictly increasing on r > 0, T is a twist map if and only if f0 is a twist map.
✷
Let us give two simple examples for which we can apply the theorem 1.1.
Example 3.1. Let (M, g) be a closed surface. We suppose that the scalar curvature satisfies
1
4 ≤ K ≤ 1. Let Ω ≡ 0 ∈ Ω
2(M). Then the Ω-magnetic geodesics are the geodesics on M with
respect to the metric g. In this case, Thorbergsson proved in [34] the existence of a non-hyperbolic
closed geodesic.
Example 3.2. Let B = {x ∈ IR2, ‖x‖2 < 5}, with the euclidian metric of IR2 and the corresponding
area form Ω0. Let η be a 1-form in B such that dη = −Ω0. We consider the exact magnetic field
given by the lagrangian
L(x, v) =
1
2
〈v, v〉 − ηx(v).
The Euler-Lagrange vector field of L : B → IR can be seen as local expression of a magnetic field in
a closed surface.
Since dη = −Ω0 the Euler-Lagrange vector field is given by:
(2) v˙ = i · v.
We fix an initial point p0 = (−1, 0) ∈ B and v0 = (1, 0) ∈ T
1
2
p B. By the equation (2), we have
that the circle C : [0, 2π] → B, given in polar coordinates by C(t) = (r(t), θ(t)) = (1, π − t) is a
dη-magnetic geodesics. Moreover, all circles obtained by rotation of C fixing the point p0 ∈ C are
solutions of (2). Hence, if (p0, v0) ∈ Σ ⊂ T
1
2
p B is a local transversal section, and P : Σ → Σ is the
corresponding Poincare´ map, then P (p0, v) = (p0, v), ∀ (p0, v) ∈ Σ. Therefore, the orbit (C(t), C˙(t))
is degenerate, in particular non-hyperbolic.
4. Franks’ lemma for magnetic flows
Let (M, g) be a closed riemannian surface and let ∇ be the Levi-Civita connection. Then ∇
induces a connection K : TTM → TM , in the following way: given ξ ∈ TθTM , let z : (−ǫ, ǫ)→ TM
be an adapted curve to ξ (this is, z satisfies z(0) = θ and z˙(0) = ξ), then z(t) = (π◦z(t), V (t)), where
V is a vector field over π ◦ z(t), and we can define Kθ(ξ) = ∇ ˙(π◦z(t))V (0). Let H(θ), V (θ) ⊂ TθTM
be the vertical and horizontal subspaces defined as
V (θ) = Ker(dθπ) and H(θ) = Ker(Kθ)
respectively. Then, we have the splitting:
TθTM = H(θ)⊕ V (θ) ≈ Tπ(θ)M × Tπ(θ)M.
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Note that the vertical subbundle does not depend on the riemannian metric and H(θ) and V (θ) are
lagrangian subspaces of (TθTM,ω0(θ)).
Let us recall the definition of the magnetic Jacobi fields. Let Ω = fΩ0 and θt = (γ(t), γ˙(t)) be
the orbit of a point θ = (x, v) ∈ T cM , with c > 0. Let z : (−ǫ, ǫ) → TM be an adapted curve of
ξ ∈ TθTM . We define the magnetic Jacobi field Jξ(t) as the vector field along γ given by:
Jξ(t) =
∂
∂s
∣∣∣∣
s=0
π ◦ φΩt (z(s)).
Computing the horizontal and vertical components of the linearized magnetic flow, we obtain:
(3) dφΩt (θ)(ξ) =
(
Jξ(t),
D
dt
Jξ(t)
)
, ∀ξ ∈ TθTM.
Note that if ξ ∈ TθT cM then dφΩt (θ)(ξ) ∈ TθtT
cM for all t ∈ IR. Therefore:
(4) 0 ≡ dE
(
Jξ(t),
D
dt
Jξ(t)
)
= g
(
γ˙(t) ,
D
dt
Jξ(t)
)
.
Using that the curves t 7→ π ◦φΩt (z(s)) are solutions of the equation (1) and some basic identities
of the Riemannian geometry, we have that a vector field Jξ(t) along a Ω-magnetic geodesic γ(t) is a
Jacobi field if, and only if, it satisfies the magnetic Jacobi equation (for details see [28]):
(5)
D2
d2t
Jξ +R(γ˙, Jξ)γ˙ −
(
∇Jξf
)
i · γ˙ − f i ·
D
dt
Jξ = 0,
where R denotes the riemannian curvature tensor of (M, g).
Let N (t) = N (θt) ⊂ TθT cM be the set
(6) N (t) = {ξ ∈ TθtT
cM ; gγ(t)(dπ(ξ), γ˙(t)) = 0}.
Since dθπ(X
Ω(θt)) = γ˙(t), the subspace N (t) is transversal to XΩ along of θt. Hence
TθtT
cM = N (t)⊕ 〈XΩ(θt)〉.
Therefore, the restriction of the twisted form ωΩ(θ) to N (θ) is a non-degenerate 2-form. Note that
N (θ) does not depend on Ω. Let e1(t) and e2(t) be the vector fields along of θt defined by:
(7)
{
e1(t) = ( i · γ˙(t) , 0 ) ,
e2(t) = ( 0 , i · γ˙(t) )
∈ H(θt)⊕ V (θt).
Note that e1(t), e2(t) ∈ N (t), for all t ∈ IR.
Let ξ = ξ1e1(0) + ξ2e2(0) ∈ TθT cM . Using the basis {γ˙(t), i · γ˙(t)}γ(t) of Tγ(t)M , we can write
Jξ(t) = x(t)γ˙(t) + y(t)( i · γ˙(t)) for some smooth functions x, y : IR → IR. A straightforward
computation using (3) and (4) shows that x, y : IR→ IR are solutions of
(8)
{
x˙ = fy
y¨ = {−2cKγ + g(∇f, i · γ˙)− f2}y
,
with the initial conditions x(0) = 0, y(0) = ξ1 and y˙(0) = ξ2, and
dφft (θ)(ξ) = (Jξ(t),
D
dt
Jξ(t)) = ( (x(t)γ˙(t) + y(t) i · γ˙(t)) , (y˙(t) + x(t)f) i · γ˙(t) ) =
= x(t)Xf (t) + y(t)e1(t) + y˙(t)e2(t)(9)
Let Σt ∈ T cM be a one parameter family of transversal sections such that TθtΣt = N (t). Let
Pt(f) : Σ0 → Σt be the corresponding Poincare´ map, then
(10) dφft (θ)
 0ξ1
ξ2
 = [ 1 ∗
0 dθPt(f)
] 0ξ1
ξ2
 .
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Using ( 9 ) and ( 10 ), we obtain that dθPt(f) : N (0)→ N (t) is the fundamental matrix of
(11)
d
dt
[
y(t)
y˙(t)
]
=
[
0 1
−Kmag(f)(t) 0
] [
y(t)
y˙(t)
]
,
where Kmag(f)(t) := 2cKγ(t) − gγ(t)(∇f, i · γ˙) + f
2(γ(t)) is called the magnetic curvature.
The following lemma is an easy consequence of the equation (1).
Lemma 4.1. [27, lemma 2.1] Given c > 0 and Ω = fΩ0 ∈ Ω
2(M), let K = K(c, f) ∈ IR be defined
as K = min{ 1(‖f‖
C0+1)
2 ,
i(M,g)
2c }, where i(M, g) denotes the injectivity radius. Then π ◦ φ
f (θ) :
[0,K)→ M is injective, for all θ ∈ T cM . In particular, any closed orbit of φft in T
cM has period
less or equal to K.
Let us now define our perturbation space. Let K = K(f, c) be given by the lemma 4.1. For each
K
2 < T < K and W ⊂M open with W ∩ γ((
K
2 , T )) 6= 0, we define the set F = F(W,γ, f, T ) by:
F =
{
h ∈ C∞(M); h|γ([0,T ]) ≡ 0, supp (h) ⊂W and [hΩ0] = 0 ∈ H
2(M, IR)
}
.
By definition, if h ∈ F , the curve γ : [0, T ]→M satisfies:
D
dt
γ˙(t) = f(γ(t)) i · γ˙(t) = (f + h)(γ(t)) i · γ˙(t) , ∀t ∈ (0, T ).
Hence [0, T ] 7→ (γ(t), γ˙(t)) is an orbit segment of the perturbed magnetic flow φf+ht , and we can
define the map:
ST,θ : F −→ Sp(1)(12)
h 7−→ dθPT (f + h).
We are now ready to state the analog of the infinitesimal part of the Franks’ lemma [13] for
magnetic flows on surface. In [12], G. Contreras and G. Paternain proved a version of this lemma
for geodesic flows on surfaces by performing C2-perturbations of the metric which correspond to
C1-perturbations of the geodesic flow.
Theorem 4.1. Let f0 ∈ C∞(M),
K
2 < T ≤ K (K = K(c, f0)) and let U be a neighborhood of f0 in
the C1-topology. Then there is δ = δ(U , f0, c) > 0 such that the image of the set U ∩ F(f0, θ,W, T )
under the map ST,θ contains a ball of radius δ centered at ST,θ(f0). Moreover, if γ(t) is a closed
magnetic geodesic of minimal period Tθ, then there is a neighborhood U = U(θ, f0, c,W, Tθ) ⊂M of
γ([T, Tθ]) such that the image of the set U ∩ {f ∈ F ; Supp(f − f0) ⊂ W − U} under the map ST,θ
contains a ball of radius δ centered at ST,θ(f0).
We will prove this theorem in the subsection 4.1. For this, we follow the strategy in the proof of
the Franks’ lemma for geodesic flows on surfaces given by G. Contreras and G. Paternain in [12].
We shall use theorem 4.1 on a finite number of segments of a closed magnetic geodesic γ : [0, Tθ]→
M (where Tθ denotes its minimal period) such that the perturbations will be independent in each
segment.
Let γ(t) be a closed magnetic geodesic of minimal period Tθ. We fix t0 ∈ (
K
2 ,K] and n = n(θ) =
n(Tθ, t0) ∈ IN such that Tθ = nt0. For each 0 ≤ i ≤ n− 1, we define γi = γ(it0 + t). Then , given a
tubular neighborhood Wi ⊂ M of γi((0, t0)), we can define the map Si,θ : F(f0, θ,Wi) → Sp(1) by
Si,θ(f) = d(φf
it0
(θ))P (f,Σit0 ,Σ(i+1)t0), for each i ∈ {0, ..., n− 1}.
Let W0 be tubular neighborhood of the segment γ0. Applying theorem 4.1 to the map S0,θ :
F(f0, θ, c,W0) → Sp(1) we obtain δ0 > 0 and a neighborhood U0 of the curve γ1 ∗ .... ∗ γn−1 as in
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the second part of theorem 4.1. In the following step, we need to choose a tubular neighborhood
W1 ⊂ U0 and applying again theorem 4.1 to the map S1,θ : F(f0, θ, c,W1) → Sp(1), we obtain
δ1 > 0 and a neighborhood U1 of γ2 ∗ .... ∗ γn−1. Proceeding in the same way, we obtain δi > 0 and
neighborhoods Wi, for 0 ≤ i ≤ n− 1. Hence, for W = ∪
n−1
i=0 Wi, we can define
Sθ : F(f0, θ,W ) −→
n−1∏
i=0
Sp(1)
f 7−→
n−1∏
i=0
d(φf
it0
(θ))P (f,Σit0 ,Σ(i+1)t0)
Applying theorem 4.1 n times we have proved:
Corollary 4.1. Let θ ∈ T cM be such that φf0t (θ) is a closed orbit. Let W,n(θ) and Sθ be defined
as above. Given a neighborhood U of f0 in the C1 topology, there is δ = δ(f0,U , c) such that the
image of the set F(f0, θ,W ) ∩ U under the map Sθ contains a product of balls of radius δ centered
at (S0,θ(f0), ...., S(n−1),θ(f0)) ∈
∏n−1
i=0 Sp(1).
4.1. Proof of theorem 4.1. Let ψ : (0, T ) × (−ǫ0, ǫ0) → W be a coordinate system in W ⊂ M
such that ψ(t, 0) = γ(t) and
{
∂
∂t ,
∂
∂x
}
γ(t)
= {γ˙(t), i · γ˙(t)}, for all t ∈ (0, T ). Let a : [−1, 1]→ [−1, 1]
be a smooth function that satisfies:
(i) a(0) = 0 (ii) Supp(a) ⊂ [−
1
2
,
1
2
]
(ii) a′(0) = 1 (iii) ‖a‖C1 = 1
(iv)
∫ 1
−1 a(x)dx = 0.
We define the subset H of smooth functions h : (0, T )×(−ǫ0, ǫ0)→ IR such that h(t, x) = aǫ0(x)b(t),
where aǫ0(x) = ǫ0 a
(
x
ǫ0
)
and b ∈ C∞(IR) with Supp(b) ⊂ (0, T ).
Lemma 4.2. Let h = aǫ0(x)b(t) ∈ H. Then:
(i) [hΩ0] = 0,
(ii) f = f + h ∈ F , ∀h ∈ H, and ∀f ∈ F ,
(iii) ‖h‖C1 ≤ 2‖b‖C0 + ǫ0‖b‖C1.
Proof. (i) Note that if η is a 1-form in M with support in the neighborhood W defined by
η|W =
(
−
∫ x
−1
aǫ0(x)b(t) ds
)
dt,
then dη = hΩ0.
(ii) It follows from (i) and the definition of the set H.
(iii) If g : IR2 → IR is a function that has enough differentiability, then:
‖g‖C1 ≤ sup
x,t
|g(x, t)|+ sup
x,t
∣∣∣∣∂g(x, t)∂x
∣∣∣∣+ sup
x,t
∣∣∣∣∂g(x, t)∂t
∣∣∣∣ .
Hence
‖h‖C1 ≤ sup
x,t
|aǫ0(x)b(t)| + sup
x,t
|a′ǫ0(x)b(t)| + sup
x,t
|aǫ0(x)b
′(t)|.
Since |aǫ0(x)| =
∣∣∣ǫ0a( xǫ0 )∣∣∣ ≤ ǫ0‖a‖C0 ≤ ǫ0, and |a′ǫ0(x)| = ∣∣∣a′( xǫ0 )∣∣∣ ≤ ‖a‖C1 = 1, for all x ∈ IR, we
have:
‖h‖C1 ≤ (1 + ǫ0)‖b‖C0 + ǫ0‖b‖C1 ≤ 2‖b‖C0 + ǫ0‖b‖C1.
✷
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We will now fix some constants and functions that will be useful in the following lemma. By
changing U if necessary, we can suppose that ‖f‖c0 ≤ ‖f0‖c0 + 1 , ∀f ∈ U . Therefore K(c, f0) ≤
K(c, f) , ∀ f ∈ U . Let us denote K(c, f0) by k0 and set k1 = k1(U , c) > 1, so that, if f ∈ U and
X(t) = X(f, θ, t) is a fundamental matrix for the equation ( 11 ), then
(13) ‖X(t)‖ ≤ k1 and ‖X
−1(t)‖ ≤ k1 , ∀t ∈ [0, k0] and ∀ θ ∈ T
cM.
Let 0 < λ << k0/2 and k2 = k2(U , λ, c) > 0 be such that:
(14) max
|t−k0/2|≤λ
‖X(t)−X(k0/2)‖ ≤ k2 and max
|t−k0/2|≤λ
‖X−1(t)−X−1(k0/2)‖ ≤ k2 ,
for all f ∈ U and θ ∈ T cM . If λ = λ(f0, U, c) is small enough, we have:
(15) 0 < k2 <
1
16 k31
< 1 < k1.
Let δλ , ∆λ : IR → [0,∞) be C∞-approximations of the Dirac delta at the point
k0
2 , such that:
Supp(δλ) ⊂ [
k0
2 −λ,
k0
2 ), Supp(∆λ) ⊂ (
k0
2 ,
k0
2 +λ],
∫
δλdt =
∫
∆λdt = 1 and Supp(∆λ) is an interval.
Let k3 = k3(λ) = k3(f0,U , c) be defined as:
(16) k3 = k
2
1
(
‖δλ‖C0 + ‖δ
′
λ‖C0 + ‖∆λ‖C0‖Kmag(f0, c)‖C0 +
1
2
‖∆′′λ‖C0
)
.
Let 0 < ρ < 1/(4k21k3), by ( 15 ) we have:
(17)
1
k21
− k3ρ− 4k1k2 >
1
2k21
.
Finally, let α : [0, k0]→ [0, 1] be a C
∞-approximation of the characteristic function of the set
[0, T ]−
[
γ−1{γ((T, T0))} ∪ ∂Supp(∆λ)
]
such that
(18)
∫ T
0
|α(t)− 1|dt ≤ ρ.
Lemma 4.3. For an arbitrary small parameter s, let hs = aǫ0(x)b
s(t) ∈ H be such that bs=0 ≡ 0
and
(19)
∂
∂s
∣∣∣∣
s=0
bs(t) = α(t)
{
δλ(t)a+ δ
′
λ(t)b−
(
∆λ(t)Kmag(f)(t) +
1
2
∆′′λ(t)
)
c
}
where a, b, c ∈ IR, and Kmag(f)(t) is the magnetic curvature of f ∈ U ∩ F . Then∥∥∥∥ ∂∂s
∣∣∣∣
s=0
Sθ,T (f + h
s)
∥∥∥∥ > 12k31
∥∥∥∥[ b ca −b
]∥∥∥∥
Proof. Observe that:
Kmag(f + h
s)(t) = Kmag(f)(t)− gγ(∇h
s, i · γ˙) =
= Kmag(f)(t)−
∂hs(0, t)
∂x
= Kmag(f)(t)− b
s(t).(20)
We define Zh(T ) =
d
ds
∣∣
s=0
dθPT (f + h
s). Since bs=0 ≡ 0, it follows from [27, lemma 3.1] that
(21) Zh(T ) = X
0(T )
∫ T
0
(
X0(t)
)−1 [ 0 0
∂
∂s
∣∣
s=0
bs(t) 0
]
X0(t) dt.
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From (19) and integration by parts we obtain
Z(T ) = X(T )
{∫ T
0
α(t)δλ(t)X
−1(t)
[
b 0
a −b
]
X(t) dt+
+
∫ T
0
α(t)∆λ(t)X
−1(t)
[
0 c
0 0
]
X(t) dt
}
.
We will write
P (t) =
1
α(t)
(
d
ds
∣∣∣∣
s=0
bs(t)
)
X−1(t)
[
0 0
1 0
]
X(t),
Q1(t) = X
−1(t)
[
b 0
a −b
]
X(t) , Q2 = X
−1(t)
[
0 c
0 0
]
X(t)
and Q0 := Q1 +Q2. Then
(22)
∫ T
0
P (t) dt =
∫ T
0
δλ(t)Q1(t) dt+
∫ T
0
∆λ(t)Q2(t) dt.
Using (13), we obtain:
‖δλ(t)Q1(t)‖ ≤ ‖δλ‖C0‖Q1(t)‖ ≤ ‖δλ‖C0 k
2
1
∥∥∥∥[ b 0a −b
]∥∥∥∥ , and
‖∆λ(t)Q2(t)‖ ≤ ‖∆λ‖C0‖Q2(t)‖ ≤ ‖∆λ‖C0 k
2
1
∥∥∥∥[ 0 c0 0
]∥∥∥∥ .
By (16), we have:
max
t∈[0,T ]
‖P (t)‖ ≤
[
|a|‖δλ‖C0 + |b|‖δ
′
λ‖C0 +
(
‖∆λ‖C0‖Kmag(f0)‖C0 +
1
2
‖∆′′λ‖C0
)
|c|
]
k21
≤ k3
∥∥∥∥[ b ca −b
]∥∥∥∥ .(23)
For each F : [0, T ]→ IR2×2, we define:
Oλ (F, k0/2) = max
|t−k0/2|≤λ
‖F (t)− F (k0/2)‖ .
Observe that if F,G : [0, T ]→ IR2×2 and E ∈ IR2×2 is a constant matrix then:
Oλ (F G, k0/2) ≤ max
|t−k0/2|≤λ
‖F (t)G(t) − F (t)G (k0/2)‖+
+ max
|t−k0/2|≤λ
‖F (t)G (k0/2)− F (k0/2)G (k0/2)‖ ≤
≤ max
|t−k0/2|≤λ
‖F (t)‖Oλ (G, k0/2) +Oλ (F, k0/2) ‖G (k0/2)‖
Oλ (E F, k0/2) = max
|t−k0/2|≤λ
‖E F (t)− E F (k0/2)‖ ≤
≤ ‖E‖ Oλ (F, k0/2) .
Write A =
[
b c
a −b
]
. By (13), (14) and the two inequalities above, we have that
Oλ (Q0, k0/2) = Oλ
(
X−1(t)AX(t), k0/2
)
≤
≤ max
|t−k0/2|≤λ
∥∥X−1(t)∥∥Oλ (AX(t), k0/2) +Oλ (X−1(t), k0/2) ‖A‖ ‖X (k0/2) ‖ ≤
≤ max
|t−k0/2|≤λ
∥∥X−1(t)∥∥ ‖A‖Oλ (X(t), k0/2) +Oλ (X−1(t), k0/2) ‖A‖ ‖X (k0/2) ‖ ≤
≤ 2k1 k2‖A‖.(24)
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By (22), we have∥∥∥∥∥
∫ T
0
α(t)P (t) dt−Q0 (k0/2)
∥∥∥∥∥ =
∥∥∥∥∥
∫ T
0
α(t)P (t)dt −
∫ T
0
P (t)dt+
∫ T
0
P (t)dt−Q0 (k0/2)
∥∥∥∥∥ ≤
≤
∥∥∥∥∥
∫ T
0
(α(t)− 1)P dt
∥∥∥∥∥+
∥∥∥∥∥
∫ T
0
δλ(t)Q1(t)−Q1(k0/2) + ∆λ(t)Q2 −Q2(k0/2) dt
∥∥∥∥∥ ≤
≤
∫ T
0
‖(α(t) − 1)P (t)‖ dt+Oλ(Q1, k0/2) +Oλ(Q2, k0/2) ≤
≤
(
max
[0,T ]
‖P (t)‖
) ∫ T
0
|(α(t) − 1)|dt+ 2Oλ(Q0, k0/2)).
Then (23), (24) and (18) imply that
(25)
∥∥∥∥∥
∫ T
0
α(t)P (t) dt−Q0
(
k0
2
)∥∥∥∥∥ ≤ (k3 ρ+ 4 k1 k2)‖A‖.
From the equality A = X(k0/2) Q0(k0/2) X
−1(k0/2) and (13), we have
‖A‖ = ‖X(k0/2) Q0(k0/2) X
−1(k0/2)‖ ≤ k
2
1‖Q0(k0/2)‖ =⇒
(26) =⇒ ‖Q0(k0/2)‖ ≥
‖A‖
k21
.
Hence, using (25), (26) and (15)∥∥∥∥∥
∫ T
0
α(t)P (t) dt
∥∥∥∥∥ =
∥∥∥∥∥Q0 (k0/2) +
∫ T
0
α(t)P (t) dt−Q0 (k0/2)
∥∥∥∥∥ ≥
≥ ‖Q0 (k0/2) ‖ −
∥∥∥∥∥
∫ T
0
α(t)P (t) dt−Q0 (k0/2)
∥∥∥∥∥ ≥
≥
(
1
k21
− k3 ρ− 4 k1 k2
)
‖A‖ ≥
1
2k21
‖A‖.
Finally, the last inequality and (13) imply
k1‖Z(T )‖ ≥ ‖X
−1Z(T )‖ =
∥∥∥∥∥
∫ T
0
α(t)P (t) dt
∥∥∥∥∥ ≥ 12k21 ‖A‖.
Therefore
‖Z(T )‖ ≥
1
2k31
‖A‖ , ∀f ∈ U ∩ F .
✷
We denote by sp(1) the Lie algebra of the classical Lie group Sp(1) = SL(2). For each matrix
A =
[
b c
a −b
]
∈ sp(1), let βA : (0, T )→ IR be defined as:
βA(t) = α(t) (δλ(t)a+ δ
′
λ(t)b) +
(
Kmag(f0)(t) +
∆′′λ
2∆λ(t)
)
(e−α(t)∆λ(t)c − 1).
We consider G : sp(1)→ C∞(M) such that Supp(G(A)) ⊂W and
(27) G(A)|W = G(A)(t, x) = f0(x, t) + aǫ0(x)βA(t)
in the tubular coordinates (t, x) in W .
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Lemma 4.4. For ǫ0 small enough, there is δ1 = δ1(U , f0, c), such that, if ‖A‖ < δ1 then G(A) ∈
U ∩ F .
Proof. By lemma 4.2, we have that
‖G(A)− f0‖C1 = ‖aǫ0(x)βA(t)‖C1 ≤ 2‖βA‖C0 + ǫ0‖βA‖C1 .
Let ǫ > 0 be such that BC1(f0, ǫ) ⊂ U , where BC1(f0, ǫ) denotes the C
1-ball of radius ǫ centered at
f0. Since ∆λ > 0 for all t ∈ Supp(α), there is k6 = k6(λ, f0) = k6(f0,U , c) <∞ such that
k6 = max
‖A‖≤1
‖βA‖C1.
If ǫ0 is small enough, we can suppose ǫ0 <
ǫ
2k6
.
We consider k5 = k5(λ, f0) = k5(f0,U , c) given by:
k5 = ‖δλ‖C0 + ‖δ
′
λ‖C0 +
(
‖Kmag(f0)(t)‖C0‖∆λ(t)‖C0 +
1
2
‖∆′′λ‖C0
)
e‖∆λ‖C0 .
Observe that, if |c| ≤ 1 then
|e−α∆λc − 1| ≤ |c|max
|c|≤1
∣∣∣∣ ∂∂c (e−α∆λc − 1)
∣∣∣∣ ≤ |c|∆λe‖∆λ‖C0
and therefore∣∣∣∣Kmag(f0)(t) + ∆′′λ2∆λ(t)
∣∣∣∣ |e−α(t)∆λ(t)c − 1| ≤ |c|(|Kmag(f0)(t)|∆λ(t) + 12 |∆′′λ|
)
e‖∆λ‖C0 .
Hence, if ‖A‖ ≤ 1 then
‖βA‖C0 ≤ k5‖A‖.
Choose δ1 = δ1(f0,U , c) < 1 such that 2k5δ1 <
ǫ
2 . Then
‖G(A) − f0‖ ≤ 2k5‖A‖+ ǫ0k6 < ǫ,
for all ‖A‖ < δ1.
✷
A proof of the following general lemma can be seen in [12].
Lemma 4.5. [12, lemma 4.4] Let N be a n-dimensional smooth manifold and let F : IRn → N be a
sufficiently differentiable map such that
‖dxF · v‖ ≥ a > 0 ∀ (x, v) ∈ TIR
n with ‖v‖ ≤ 1 and ‖x‖ ≤ r.
Then for all 0 < b < a r
{p ∈ N ; d(p, F (0)) < b} ⊂ F ({x ∈ IRn; ‖x‖ ≤
b
a
}.
We consider a 3-parameter family of maps {G(A); A ∈ sp(1)} given in (27). Observe that
∂βA
∂a
= α(t)δλ(t) ,
∂βA
∂b
= α(t)δ′λ(t)
and since δλ(t) ∆λ(t) ≡ 0, we have
∂βA
∂c
+ α(t)∆λ(t)βA(t) = −α(t)∆λ(t)
(
Kmag(f0)(t) +
∆′′λ
2∆λ(t)
)
e−α(t)∆λ(t)c +
+ α(t)∆λ(t)
(
Kmag(f0)(t) +
∆′′λ
2∆λ(t)
)
(e−α(t)∆λ(t)c − 1) =
= −α(t)
(
Kmag(f0)(t)∆λ(t)−
1
2
∆′′λ(t)
)
.
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Hence
∂βA
∂c
= −α(t)
{
[Kmag(f0)(t) + βA(t)] ∆λ(t)−
1
2
∆λ(t)
′′
}
.
Then, by (20), we have:
∂βA
∂c
= −α(t)
{
(Kmag(G(A))(t)∆λ(t)−
1
2
∆′′λ(t)
}
.
Therefore, the directional derivative of sp(1) ∋ A 7→ βA satisfies (19).
Consider F : sp(1)→ Sp(1), given by :
F (A) = Sθ,T ◦G(A).
It follows from lemmas 4.4 and 4.2 that there is δ1 = δ1(U , f0, c) > 0 such that G(A) ∈ U ∩
F(f0, θ,W, T0), for all A ∈ sp(1), with ‖A‖ < δ1. Since α(t) = 0 in a neighborhood of the intersection
points of γ([0, T ]) with γ([T, T0]), for ǫ0 small enough, there is a neighborhood U of γ([T, T0]) such
that Supp(G(A)) ∩ U = ∅, for all A ∈ sp(1).
By lemma 4.3, we have that
‖dBF ·A‖ ≥
1
k31
> 0 , for all ‖B‖ < δ1 and ‖A‖ ≤ 1
and applying lemma 4.5 to F , with r = δ1 and a =
1
2k31
, we obtain
BSp(1)(Sθ,T (f0), δ1/2k
3
1) ⊂ F ({A ∈ sp(1); ‖A‖ < δ1}) =
= Sθ,T ({G(A) ∈ F ; ‖A‖ < δ1}) ⊂
⊂ Sθ,T (U ∩ {f ∈ F ; Supp(f − f0) ⊂W − U})
This inclusion proves the theorem.
5. Magnetic flow with infinitely many closed orbits in an energy level
Let (M, g) be a smooth closed and oriented riemannian surface. For each c > 0, let R1(M, c) be
the set of Ω ∈ Ω2(M) such that all closed orbits of φΩt in T
cM are hyperbolic endowed with the
C1-topology. Given h ∈ H2(M, IR), we define F1(M, c, h) ⊂ R1(M, c) as:
F1(M, c, h) = {C1-interior of R1(M, c)} ∩ {[Ω] = h }.
Given Ω ∈ F1(M, c, h), let Per(Ω, c) ⊂ T cM be the union of all hyperbolic periodic orbits of minimal
period of φΩt
∣∣
T cM
. By definition, Per(Ω, c) ⊂ T cM is a compact and invariant subset.
We recall that a compact and invariant subset Γ ⊂ T cM is a hyperbolic set if there exists a
splitting (continuous) of TΓ(T
cM) = Es ⊕ Eu ⊕ Ec, where Ec = 〈XΩ〉 and there are constants
C > 0 and 0 < λ < 1, such that:
(a) dφΩt (E
s,u) = Es,u
(b) |dθφΩt (ξ)| ≤ Cλ
t|ξ| , ∀ t > 0, θ ∈ Γ, ξ ∈ Es,
(c) |dθφΩ−t(ξ)| ≤ Cλ
t|ξ| , ∀ t > 0, θ ∈ Γ, ξ ∈ Eu.
Using Man˜e´’s techniques on dominated sprinting [21] and a version of Franks’ lemma for magnetic
flows (corollary 4.1), we will prove that:
Theorem 5.1. If Ω ∈ F1(M, c, [Ω]), then Per(Ω, c) ⊂ T cM is a hyperbolic set.
A hyperbolic set is called locally maximal, if there is an open neighborhood U of Γ, such that Γ
is the maximal invariant subset of U , i.e., Γ =
⋂
t∈IR φ
Ω
t (U). A hyperbolic basic set is a maximal
hyperbolic set with a dense orbit and we say non-trivial when it is not a single closed orbit. It is
well known that a non-trivial hyperbolic basic set has positive topological entropy (cf. [3]).
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Standard arguments of dynamical systems [19, §6] imply that the set Per(Ω, c) is locally maximal,
for all Ω ∈ F1(M, c, [Ω]). Hence, it follows by Smale’s Spectral Decomposition Theorem [33] ( see
too [19]) that:
Corollary 5.1. Let c > 0 and Ω ∈ F1(M, c, [Ω]). We suppose that the number of periodic orbits
of minimal period for the magnetic flow φΩt
∣∣
T cM
is infinite. Then Per(Ω, c) has a non-trivial basic
set. In particular φΩt
∣∣
T cM
has positive topological entropy.
In the following two subsections we will recall some definitions and statements that we will need
to prove the theorem 5.1.
5.1. Periodic sequences of linear symplectic maps. A linear map T : IRn → IRn is hyperbolic
if T has not eigenvalue of norm equal to 1. The stable and unstable subspaces of T are defined as
Es(T ) =
{
v ∈ IRn; lim
n→∞
T n(v) = 0
}
and Eu(T ) =
{
v ∈ IRn; lim
n→∞
T−n(v) = 0
}
,
respectively.
Let GL(n) be the group of linear isomorphisms of IRn. We say that a sequence ξ : ZZ → GL(n) is
periodic if there is n0 ∈ ZZ such that ξi+n0 = ξi, for all i ∈ ZZ. We say that a periodic sequence ξ is
hyperbolic if the linear map
∏n0−1
i=0 ξi is hyperbolic. In this case, we denote the stable and unstable
subspaces of
∏n0−1
i=0 ξj+i by E
s
j (ξ) and E
u
j (ξ), respectively.
Given two families of periodic sequences ξ(α) = {ξ(α) : ZZ → GL(n); α ∈ A} and η(α) = {η(α) :
ZZ → GL(n); α ∈ A}, we define:
d(ξ(α), η(α)) = sup{‖ξ(α)n − η
(α)
n ‖; α ∈ A, n ∈ ZZ}.
We say that two periodic families in GL(n) are periodically equivalent if they have the same index
set A and the minimal period of ξ(α) and η(α) coincide, for all α ∈ A. We say that a family ξ(α) is
a periodic hyperbolic family if every sequence in ξ(α) is hyperbolic. Finally , we say that a periodic
hyperbolic sequence ξ(α) is stably hyperbolic if there is ǫ > 0 such that any family η(α) periodically
equivalent to ξ(α) satisfying d(ξ(α), η(α)) < ǫ is hyperbolic.
We are now ready to state the following result.
Theorem 5.2. (Man˜e´, [21, lemma II.3]) Let ξ(α) = {ξ(α) : ZZ → GL(n); α ∈ A} be a stably
hyperbolic family of periodic sequences in GL(n). Then there exist constants m ∈ IN and 0 < λ < 1,
such that, for all α ∈ A and j ∈ ZZ, we have:∥∥∥∥∥∥
(
m−1∏
i=0
ξ
(α)
i+j
)∣∣∣∣∣
Es
j
(ξ(α))
∥∥∥∥∥∥ ·
∥∥∥∥∥∥∥
(
m−1∏
i=0
ξ
(α)
i+j
)−1∣∣∣∣∣∣
Eu
j+m(ξ
(α))
∥∥∥∥∥∥∥ ≤ λ.
In [12], G. Contreras and G. Paternain proved that if a family of periodic hyperbolic sequences
ξ(α) in Sp(1) is stably hyperbolic among the periodic sequences in Sp(1) and supα ‖ξ
(α)‖ <∞, then
ξ(α) is also stably hyperbolic among the periodic sequences in GL(2).
Corollary 5.2. ([12, corollary 5.2]) Let ξ(α) = {ξ(α) : ZZ → Sp(1); α ∈ A} be a family of periodic
hyperbolic sequences which is stably hyperbolic in Sp(1), and supα ‖ξ(α)‖ < ∞. Then there exist
constants m ∈ ZZ+ and 0 < λ < 1, such that, for all α ∈ A and j ∈ ZZ, we have:∥∥∥∥∥∥
(
m−1∏
i=0
ξ
(α)
i+j
)∣∣∣∣∣
Es
j
(ξ(α))
∥∥∥∥∥∥ ·
∥∥∥∥∥∥∥
(
m−1∏
i=0
ξ
(α)
i+j
)−1∣∣∣∣∣∣
Eu
j+m(ξ
(α))
∥∥∥∥∥∥∥ ≤ λ.
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Remark 5.1. Let TNj =
∏N−1
i=0 ξ
(α)
i+j . Using that ‖AB‖ ≤ ‖A‖ ‖B‖, for all A,B ∈ GL(n), we have
that ∥∥∥∥TmNj ∣∣Esj (ξ(α))
∥∥∥∥ · ∥∥∥∥(TmNj )−1∣∣∣Eu
j+mN (ξ
(α))
∥∥∥∥ ≤ λN ,
for all N > 1 and for all α ∈ A, j ∈ ZZ.
5.2. Partially hyperbolic symplectic action. A symplectic vector bundle π : E → B is a vector
bundle such that the transition maps preserve the canonical symplectic structure in the fibres IR2n.
Let Ψ : IR → Sp(E) be a continuous action that preserves the fiber and satisfies Ψs+t = Ψs ◦ Ψt.
The action Ψ induces a flow ψt : B → B such that ψt ◦ π = π ◦Ψt.
We say that an action Ψ is partially hyperbolic, if there is an invariant splitting E = S⊕U , T > 0
and 0 < λ < 1, such that:
(28)
∥∥∥ΨT |S(b)∥∥∥ · ∥∥∥Ψ−T |S(ψt(b))∥∥∥ ≤ λ , ∀ b ∈ B,
and we say that Ψ is hyperbolic if there is a splitting E = Es ⊕ Eu, C > 0 and λ > 0, such that:
(1) |Ψt(ξ)| ≤ Ce
−λt|ξ| , ∀ t > 0, ξ ∈ Es,
(2) |Ψ−t(ξ)| ≤ Ce
−λt|ξ| , ∀ t > 0, ξ ∈ Eu.
The domination condition (28), implies that the decomposition E = S ⊕ U is continuous. By
definition, a hyperbolic action is partially hyperbolic. The converse is not true in general, but in the
symplectic case we have:
Theorem 5.3. ( [7, corollary 1]) A symplectic partially hyperbolic action, with dim(S) = dim(U)
and compact base B, is hyperbolic.
5.3. Proof of theorem 5.1. We fix c > 0. Let U ⊂ T cM be an open set and R1(U) be the set of
2-forms Ω onM such that all closed orbits of φΩt completely contained in U are hyperbolic, endowed
with the C1-topology. Given h ∈ H2(M, IR), we consider the subset
F1(U, h) = {C1-interior of R1(U)} ∩ {Ω ∈ Ω2(M); [Ω] = h }.
Given Ω ∈ F1(U), let Per(Ω, U) be the union of all periodic hyperbolic orbits of minimal period for
the flow φΩt
∣∣
T cM
completely contained in U .
The following proposition is a local version that implies theorem 5.1.
Proposition 5.1. Let Ω ∈ F1(U, [Ω]). Then Per(Ω, U) ⊂ T cM is a hyperbolic set.
Proof. For each θ = (x, v) ∈ T cM , let N (θ) ⊂ TθT cM be defined as:
N (θ) = {ξ ∈ TθT
cM ; gx(dπ(ξ), v) = 0}.
We recall that TθT
cM = N (θ) ⊕ 〈XΩ(θ)〉 and the restriction of the twisted symplectic form ωθ(Ω)
in N (θ) is non-degenerate (section 4). Let K = K(Ω, c) be given by lemma 4.1. Given φΩt (θ) =
(γ(t), γ˙(t)) ∈ Per(Ω, U), we denote its minimal period by Tθ. Let n = n(θ,Ω) ∈ IN be such that
Tθ = n t0, for some t0 ∈ (
K
2 ,K]. For each 0 ≤ i ≤ n− 1, we define the segment γi = γ(it0 + t). Let
Σi ∈ TU be the local transversal sections at φΩit0(θ) such that TφΩit0 (θ)
Σi = N (φΩit0 (θ)). We denote
by
Si,θ = dP (Ω,Σi,Σ(i+1)) : N (φ
Ω
it0 (θ))→ N (φ
Ω
(i+1)t0
(θ))
the linearized Poincare´ maps.
Since Ω ∈ F1(U, [Ω]), there is a C1-neighborhood U ⊂ {Ω ∈ Ω2(M); [Ω] = [Ω]} of Ω such that
each orbit of Per(Ω, U) has a hyperbolic analytic continuation, because otherwise we could produce
a non-hyperbolic orbit. Observe that if Ω ∈ U , denoting by θt = θt(Ω) the analytic continuation of
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θt = φ
Ω
t (θ), then θt intersects the sections Σi, 0 ≤ i ≤ n(θ). Therefore, we can cut θt into the same
number of segments as θt. Hence the family
(29) ξ(Ω) =
{
Si,θt(Ω) ; φ
Ω
t (θ) ∈ Per(Ω, U) and 0 ≤ i ≤ n = n(θ,Ω)
}
,
with Ω ∈ U is a periodic equivalent family.
The following lemma is a consequence of corollary 4.1.
Lemma 5.1. If Ω ∈ F1(U, [Ω]), then ξ(Ω) is stably hyperbolic.
Proof. Let Ω ∈ F1(U, [Ω]) and let U ⊂ {Ω ∈ Ω2(M); [Ω] = [Ω]} a C1-neighborhood of Ω such
that, for all Ω ∈ U , the family ξ(Ω) is hyperbolic. Let δ(Ω,U , c) > 0 be given by corollary 4.1. We
suppose that the family
ξ(Ω) = {Si(θt) = Si,θ : N (θit0 )→ N (θ(i+1)t0 ); θt ∈ Per(Ω, U), 0 ≤ i ≤ n(θt)}
is not stably hyperbolic. Then there exist a closed orbit θt ∈ Per(Ω, U) and a sequence of linear
symplectic maps ηi : N (θit0 )→ N (θ(i+1)t0 ) such that:
‖Si(θt)− ηi‖ > δ and
n(θt)∏
i=0
ηi is not hyperbolic.
Observe that the perturbation space in the Franks’ lemma (theorem 4.1) preserves the selected orbit
θt. By corollary 4.1, there is a 2-form Ω ∈ U such that θt is a closed orbit of φΩt too, and Si,θ(Ω) = ηi.
Since
dθ0P (Ω,Σ0,Σ0) =
n(θt)∏
i=0
Si,θ(Ω) =
n(θt)∏
i=0
ηi,
the orbit θt is not hyperbolic for the magnetic flow φ
Ω
t . This contradicts the choice of U .
✷
Applying corollary 5.2 and remark 5.1, if it is necessary, we have that there are 0 < λ < 1 and
T > 0 such that:
(30)
∥∥∥dθPT |Es(θ)∥∥∥ · ∥∥∥dθTP−T |Eu(θT )∥∥∥ ≤ λ,
for all θt = φ
Ω
t (θ) ∈ Per(Ω, U), where PT = P (Ω,Σ0,ΣT ).
Let Γ(U) = Per(Ω, U). For each point θ ∈ Γ(U), we define:
S(θ) :=
{
ξ ∈ N (θ) ;
∃ {θn} ⊂ Per(Ω, U), with limn θn = θ and
∃ ξn ∈ Es(θn), such that, limn ξn = ξ
}
U(θ) :=
{
ξ ∈ N (θ) ;
∃ {θn} ⊂ Per(Ω, U), with limn θn = θ and
∃ ξn ∈ Eu(θn), such that, limn ξn = ξ
}
.
Then the uniform domination condition (30) implies that S ⊕ U is a continuous splitting of N|Γ(U)
and
(31)
∥∥∥dθPT |S(θ)∥∥∥ · ∥∥∥dθTP−T |U(θT )∥∥∥ ≤ λ,
for all points θ ∈ Γ(U).
Since dPs+t = dPs ◦ dPt and (31), we have that dP : N|Γ(U) → N|Γ(U) is a partially hyperbolic
symplectic action. The continuity of the subbundles S and U and their definitions imply that
S(θ) = Es(θ) and U(θ) = Eu(θ), for all θ ∈ Per(Ω, U). Hence dim S = dimU = 1. By theorem
5.3, dP is a hyperbolic symplectic action in N|Γ(U).
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Let Λ(θ) : N (θ)⊕〈XΩ(θ)〉 −→ N (θ) be the canonical projection. Observe that, by equality (10),
we have:
dP = Λ ◦ dφΩ
∣∣
N|Γ(U)
.
Its follows from the graph transform method of Hirsch-Pugh-Shub in [16], that the hyperbolicity of
the action dP in N|Γ(U) implies that Γ(U) is a hyperbolic set for the flow φ
Ω
t .
✷
5.4. Proof of theorem 1.2. Suppose Ω ∈ F1(M, c, [Ω]). By corollary 5.1, the flow φΩt
∣∣
T cM
has
positive topological entropy. Let Ω /∈ F1(M, c, [Ω]). Then there is dη ∈ Ω2(M) C1-arbitrarily close to
0 ∈ Ω2(M) such that φ
(Ω+dη)
t
∣∣∣
T cM
has a non-hyperbolic closed orbit. Applying the theorem 5.1, we
obtain an exact 2-form dη ∈ Ω2(M), C1-arbitrarily close to 0 ∈ Ω2(M), such that φ
(Ω+dη+dη)
t
∣∣∣
T cM
has positive topological entropy.
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Appendix A. Magnetic Flows on the bidimensional torus
A.1. Convex and superlinear autonomous lagrangians. In this section, we will recall the main
results for convex and superlinear autonomous lagrangian systems on closed manifolds such as the
concepts introduced by Mather in [25] and Man˜e´ in [23].
Let M be a closed smooth manifold of arbitrary dimension. Let L : TM → IR be a smooth
lagrangian that is convex and superlinear , i.e., for each fibre TxM , the restriction L(x, ·) has
positive definite Hessian and lim‖v‖→∞
L(x,v)
‖v‖ = ∞, uniformly in x ∈ M . The action of L over an
absolutely continuous curve γ : [a, b]→M is defined as:
AL(γ) =
∫ b
a
L(γ(t), γ˙(t).
The extremal points of the action are given by solutions of the Euler-Lagrange equations that in
local coordinates can be written as:
d
dt
∂L
∂v
=
∂L
∂x
.
Since the lagrangian L is convex, the Euler-Lagrange equations define a complete vector field in
TM that is denoted by XL. We define the Euler-Lagrange flow φt(L) : TM → TM as the flow
associated to XL.
Let us recall the main concepts introduced by Mather in [25], where details and proofs (for
periodic lagrangians) can be found. Let M be the space of all probability measure with compact
support in the Borel σ-algebra of TM with the weak topology. We denote by M(L) ⊂ M the
subset of all invariant probability measures. We define the average action AL : M(L) → IR by
AL(µ) =
∫
TM L dµ. Given µ ∈ M(L), there is a unique homology class ρ(µ) ∈ H1(M, IR) such
that 〈ρ(µ), [ω]〉 =
∫
TM
ω dµ, for any closed 1-form ω on M . For each h ∈ H1(M, IR), we define
M(h) = M(L, h) = {µ ∈ M(L) ; ρ(µ) = h}. The minimal action function β : H1(M, IR) → IR is
defined by β(h) = min{AL(µ) ; ρ(µ) = h }. This function is convex and superlinear. An invariant
measure µ that satisfies AL(µ) = β(ρ(µ)) is called a ρ(µ)-minimizing measure. We define the α
function as the convex dual of β, i.e. α = β∗ : H1(M, IR)→ IR is given by α([ω]) = suph∈H1(M,IR){<
[ω], h > −β(h)}. By convex duality, we have that α is also convex and superlinear, and α∗ = β.
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Moreover, a measure µ0 is ρ(µ0)-minimizing if and only if there is a closed 1-form ω0, such that
AL−ω0(µ0) = minµ∈M(L){A(L−ω0)(µ)}. Such a class [ω0] ∈ H
1(M, IR) is called a subderivative of β
at the point ρ(µ0). For each [ω] ∈ H1(M, IR), we consider the subset:
(32) Mω(L) = {µ ∈M(L) ; α([ω]) = −AL−ω(µ) }.
Mather’s set Λ([ω]) ⊂ TM is the compact and invariant subset defined as:
Λ([ω]) =
⋃
µ∈Mω(L)
Supp(µ).
A important result of Mather in [25, theorem 2] is that Λ([ω]) is a Lipschitz graph over a compact
subset of M .
Using the properties of the α and β functions, we will prove:
Lemma A.1. We suppose that H1(M, IR) 6= 0. Given c > c0(L) and a nontrivial class h0 ∈
H1(M, IR), there is a closed 1-form ω0 and λ0 ∈ IR, such that [ω0] ∈ H1(M, IR) is a subderivative
of the β function at the point λ0h0 ∈ H1(M, IR), with α([ω0]) = c.
Proof. Since β is superlinear, we have:
(33) lim
λ→∞
β(λh0)
|λh0|
=∞.
Let ∂β : H1(M, IR)→ H1(M, IR)∗ = H1(M, IR) be the multivalued function such that to each point
h ∈ H1(M, IR) associates all subderivatives of β in the point h. Since β is finite, ∂β(h) is a non empty
convex cone for all h ∈ H1(M, IR), and ∂β(h) is a unique vector if and only if β is differentiable in
h ( cf [31, Section 23]). We define the subset
S(h0) =
⋃
λ∈IR
∂β(λh0).
By (33) we have that the subset S(h0) ⊂ H1(M, IR) is not bounded. Since β is continuous, by the
above properties of the multivalued function ∂β, we have that S(h0) is a convex subset. Observe
that if ω ∈ ∂β(0), then α([ω]) = c0(L) = min{α([δ]) ; δ ∈ H
1(M, IR)} and, by superlinearity of
α, the restriction α|S(h0) is not bounded. Therefore, by the intermediate value theorem, for each
c ∈ [c0(L),∞) there is ω0 ∈ ∂β(λ0h0) ⊂ S(h0), for some λ0 ∈ IR, such that α([ω0]) = c.
✷
Let us recall the definition of Man˜e´’s critical value [23, 8]. Given two points x, y ∈M and T > 0,
we denote by CT (x, y) the set of all absolutely continuous curves γ : [0, T ]→M , such that γ(0) = x
and γ(T ) = y. For each k ∈ IR, we define the action potential Φk :M ×M → IR by:
Φk(x, y) = inf{AL+k(γ) ; γ ∈ ∪T>0CT (x, y) }
The critical value of a lagrangian L is the real number c(L) given by:
(34) c(L) = inf{k ∈ IR ; Φk(x, x) > −∞ for any x ∈M}.
Let p : N →M be a covering of M and L : TN → IR be the lift of L to N , i.e L = L ◦ dp. Then,
for each k ∈ IR, we can define the action potential Φk : N × N → IR just as above and we obtain
the critical value c(L) for L. Among all coverings of M the abelian covering, which we shall denote
by M˜ , is distinguished. We define the strict critical value c0(L) as the critical value (34) for the
lift L˜ : M˜ → IR of L to M˜ .
We recall that an absolutely continuous curve γ : [a, b]→M is said to be semistatic if
AL+c(L)(γ|[t0,t1]) = Φc(L)(γ(t0), γ(t1)) ∀ a < t0 ≤ t1 < b.
We say that a semistatic curve γ|[a,b] is static when dc(L)(γ(t0), γ(t1)) = 0, for all a < t0 ≤ t1 < b,
where dk(x, y) = Φk(x, y) + Φk(y, x) defines a distance function for k > c(L) and a pseudo-distance
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for k = c(L). By definition of the action potential, a semistatic curve is a solution of the Euler-
Lagrange equations and has energy equal to c(L) (cf. [23, 8]). The concepts of semistatic and
static curves are related to the concepts of c-minimal trajectory and regular c-minimal trajectory
respectively, that were introduced by Mather in [26].
Given θ ∈ TM we will denote by γθ : IR→M the unique solution of the Euler-Lagrange equations
with the initial condition (γθ(0), γ˙θ(0)) = θ. We define the sets:
Σ = Σ(L) = {θ ∈ TM ; γθ : IR→M is semistatic },
Σ̂ = Σ̂(L) = {θ ∈ TM ; γθ : IR→M is static };
both are compact and invariant subsets of TM . Let π : TM → M the canonical projection. Then
π|bΣ : Σ̂→M is a bijective map with Lipschitz inverse, the proof of this property can be seen in [8,
theorem VI] and is a extension of the Mather’s graph theorem [25, theorem 2].
By the graph property, we can define an equivalence relation in the set Σ̂: two elements θ1 and
θ2 ∈ Σ̂ are equivalent when dc(L)(π(θ1), π(θ2)) = 0. The equivalence relation breaks Σ̂ into classes
that are called static classes of L. Let Λ be the set of all static classes. We define a partial order 
in Λ by: (i)  is reflexive and transitive, (ii) if there is θ ∈ Σ, such that the α-limit set α(θ) ⊂ Λi
and the ω-limit set ω(θ) ⊂ Λj, then Λi  Λj . The following theorem was proved by G. Contreras
and G. Paternain in [11, theorem A].
Theorem A.1. Suppose that the number of static class is finite, then given Λi and Λj in Λ, we
have that Λi  Λj.
Let Λ ⊂ TM be an invariant subset. Given ǫ > 0 and T > 0, we say that the points θ1, θ2 ∈ Λ are
(ǫ, T )-connected by chain in Λ, if there is a finite sequence {(ξi, ti)}ni=1 ⊂ Λ× IR, such that ξ1 = θ1,
ξn = θ2, T < ti and d(φti(ξ1), ξi+1) < ǫ, for i = 1, ..., n−1. We say that the subset Λ ⊂ TM is chain
transitive, if for all θ1, θ2 ∈ Λ and for all ǫ > 0 and T > 0, the points θ1 and θ2 are (ǫ, T )-connected
by chain in Λ. When this condition holds for θ1 = θ2, we say that Λ is chain recurrent. The proof
of the following theorem can be seen in [8, theorem V].
Theorem A.2.
(a) Σ is chain transitive.
(b) Σ̂ is chain recurrent.
(c) the α and ω-limit sets of a semistatic orbit are contained in Σ̂.
We will now recall the relations between the Mather’s theory and the critical values of a lagrangian.
Man˜e´ in [23, 8], proved the notable equality c(L − ω) = α([ω]), for all closed 1-form ω on M . For
the abelian covering of M , in [29] G. Paternain and M. Paternain proved :
c0(L) = min
[ω]∈H1(M,IR)
{c(L− ω)} = min
[ω]∈H1(M,IR)
{α([ω])} = −β(0).
The following theorem was also proved by Man˜e´ in [23]. The proof can be see in [8, theorem IV].
Theorem A.3. Let µ ∈ M(L) and ω be a closed 1-form in M . Then µ ∈ Mω(L) if only if
Supp(µ) ⊂ Σ̂(L− ω).
Finally, we recall that a class h ∈ H1(M, IR) is said to be rational if there is λ > 0 such that
λh ∈ i∗H1(M,ZZ), where i : H1(M,ZZ) →֒ H1(M, IR) denotes the inclusion. The proof of the
following proposition can be found in [24]. See also [10, apendix A].
Proposition A.1. Let M be a closed and oriented surface. Let µ ∈ M(L) be a measure ρ(µ)-
minimizing such that ρ(µ) is rational. Then the support of µ is a union of closed orbits of L.
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A.2. Magnetic flows on T 2. Let g be a riemannian metric in the torus T 2 = IR2/ZZ2. Given an
exact 2-form dη in T 2, the magnetic flow associated to dη is given by the Euler-Lagrange equations
of the lagrangian Lη(x, v) =
1
2gx(v, v)− ηx(v). The main result of this appendix is:
Proposition A.2. Given c > c0(Lη) there is an exact 2-form dη ∈ Ω2(T 2) arbitrarily Cr-close to
dη, with 1 ≤ r ≤ ∞, such that htop(dη, c) > 0.
Proof. By theorem 2.1, there is a Cr-residual subset O(c) ⊂ {Ω ∈ Ω2(T 2) ; [Ω] = 0} such that
for all Ω ∈ O(c) the exact magnetic flow φΩt |T cM satisfies: all closed orbit are hyperbolic or elliptic
and all heteroclinic points are transversal. Since L 7→ c(L) is continuous in the set of the lagrangians
endowed with the uniform topology in compact subsets of TT 2 (cf. remark in [11, pg17]), we can
choose an exact 2-form dξ arbitrarily Cr-close to dη, with 1 ≤ r ≤ ∞, that satisfies dξ ∈ O(c) and
c > c0(Lξ).
Let i : H1(T
2, ZZ) →֒ H1(T 2, IR) be the inclusion. Recall that H1(T 2, ZZ) = ZZ2 and that
H1(T
2, IR) = IR2. Then {(0, 1), (1, 0)} ⊂ H1(T
2, ZZ) is a base of H1(T
2, IR). It is easy to see that if
α0, α1 are two closed curves in T
2, with [α0] = (0, 1) and [α1] = (1, 0), then α0 ∩ α1 6= ∅.
By applying lemma A.1 for h0 = (0, 1) ∈ H1(T 2, ZZ), we obtain a closed 1-form ω0 on T 2 and
λ0 ∈ IR, such that c = α([ω0]) = c(Lξ −ω0). Hence, if µ0 ∈M(Lξ) is a (λ0h0)-minimizing measure,
then:
ALξ−ω0(µ0) = min
µ∈M(Lξ)
{ALξ−ω0(µ)}.
Since ρ(µ0) = λ0h0 is rational, by proposition A.1, the support of µ0 is a union of periodic orbits.
Let Λ([ω0]) ⊂ TM the Mather’s set associated to [ω0] ∈ H1(T 2, IR). By definition of Λ([ω0]), we
have that Supp(µ0) ⊂ Λ([ω0]). By the graph theorem π|Λ([ω0]) : Λ([ω0]) → T
2 is injective. Hence,
if γ1, γ2 : IR → T 2 are two distinct closed dξ-magnetic geodesics contained in π(Λ([ω0])), then γ1
and γ2 must be simple closed curves and [γ1] = n[γ2] ∈ H1(T
2, ZZ), because otherwise γ1 ∩ γ2 6= ∅.
Let t 7→ (γ(t), γ˙(t)) be a closed orbit contained in the support of the measure µ0 and let µγ be the
probability measure supported in (γ(t), γ˙(t)). By definition of ρ, we have that
ρ(µγ) =
[γ]
T
,
where T > 0 denotes the period of γ. It follows from ρ(µ0) = λ0h0 and linearity of ρ, that [γ] = n0h0
for some 0 6= n0 ∈ ZZ.
Recall that if a measure µ ∈Mω0(Lξ), then all ergodic components of µ are contained inMω0(Lξ)
too (cf. [22, pg. 78]). Since c = c(Lξ − ω0) > c0(Lξ) = −β(0) and Mω0(Lξ) is a closed set, there is
k > 0 such that
(35) |ρ(µ)| > k > 0 , for all µ ∈Mω0(Lξ).
Therefore, the period of a periodic orbit contained in Supp(µ0) is bounded. Then Supp(µ0) is a
finite number of periodic orbits of Lξ (because dξ ∈ O(c)).
Let µ 6= µ0 be an invariant measure contained in Mω0 . We will show that ρ(µ) ∈ 〈h0〉 ⊂
H1(T
2, IR). Observe that, if γ ∈ π( Supp(µ0)) then [γ] 6= 0 and the set Cγ = T 2 − {γ} define
an open cylinder. By the graph property of Λ([ω0]), we have that Supp(µ)∩Supp(µ0) = ∅. Hence
π(Supp(µ)) ⊂ Cγ . Therefore ρ(µ) ∈ i∗(H1(Cγ , IR)) ⊂ H1(T 2, IR), where i : Cγ →֒ T 2 is the
inclusion. By definition of Cγ we have that ρ(µ) ∈ 〈h0〉 ⊂ H1(T 2, IR). Therefore
Mω0(Lξ) ⊂ {µ ∈ M(Lξ) ; ρ(µ) ∈ 〈h0〉 }.
Using again the proposition A.1 and the inequality (35), we obtain that the set Λ([ω0]) is a union
of a finite number of periodic orbits for the lagrangian Lξ.
If there is a non-hyperbolic closed orbit in Λ([ω0]), then this proposition reduces to theorem 1.1.
It remains to consider the case where all periodic orbits are hyperbolic. Letγi : IR → T 2 (with
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i = 1, ..., n) be closed magnetic geodesics such that
π (Λ([ω0])) =
n⋃
i=1
γi.
Since Supp(µ0) ⊂ Λ([ω0]), we have that [γi] = n0h0 = (0, n0) ∈ H1(T 2, ZZ), for all i ∈ {1, ..., n}.
Given θ ∈ TM we denote by γθ : IR → M the unique solution of the Euler-Lagrange equations of
Lξ, with the initial condition (γθ(0), γ˙θ(0)) = θ. Let
Σ̂(ω0) = Σ̂(Lξ − ω0) = {θ ∈ TM ; γθ : IR→M is static for (Lξ − ω0)},
and let Λ be the set of all static classes for the lagrangian Lξ − ω. Recall that Λ([ω0]) ⊂ Σ̂(ω0),
and since each static class is a connected set (proposition 3.4 in [11]), for each 1 ≤ i ≤ n, the orbit
(γi(t), γ˙i(t)) is contained in a static class. On the other hand, theorem A.3 implies that each static
class contains at least one of the periodic orbits in the set Λ([ω0]). Hence the number of static classes
is bounded by n.
Suppose that Λ([ω0]) = Σ̂(ω0). Then each closed orbit in Λ([ω0]) is a static class. Let Λ1, ....,Λn
be the static classes for the lagrangian Lξ−ω0. Applying the theorem A.1, we obtain that Λi  Λj ,
for all i, j ∈ {1, ..., n}. In particular Λ1  Λ1. Therefore, there is a point θ ∈ Σ(ω0) = Σ(Lξ − ω0)
such that the α-limit set α(θ) ⊂ Λ1 and the ω-limit set ω(θ) ⊂ Λ1. Since (γ1(t), γ˙1(t)) = Λ1 is a
hyperbolic orbit of φdξt |T cM and that dξ ∈ O(c), we have that Λ1 has a transversal homoclinic orbit
φdξt (θ). Then htop(dξ, c) > 0, which proves the theorem in this case.
We will now consider the case Λ([ω0]) 6= Σ̂(ω0). For each θ ∈ Σ̂(ω0) \ Λ([ω0]), by the graph
property of the static set Σ̂(ω0), the magnetic geodesic γθ : IR → T
2 has no self-intersection points
and γθ ∩ π(Λ([ω0])) = ∅. Moreover, by theorem A.3, we have that the α-limit and ω-limit sets are
contained in the Mather set Λ([ω0]). Since a curve on T
2, that accumulates in positive time to
more than one closed curve, must have self-intersection points, we have that ω(θ) is a single closed
orbit. By the same arguments, we have that α(θ) is a single closed orbit. Since dξ ∈ O(c), the orbit
φdξt (θ) is a transversal heteroclinic orbit. Certainly, if Λ([ω0]) is a unique closed orbit, then φ
dξ
t (θ)
is a transversal homoclinic orbit, which implies htop(dξ, c) > 0. In the opposite case, i.e, n > 1, by
recurrence property ( theorem A.2 ), we have that if θ ∈ Σ̂(ω0) \ Λ([ω0]), then θ is an (ǫ, T )-chain
connected in Σ̂(ω0), for all ǫ > 0 and T > 0, i.e, there is a finite sequence {(ζi, ti)}ki=1 ⊂ Σ̂(ω0)× IR,
such that ζ1 = ζk = θ, T < ti and d(φ
dξ
ti (ζ1), ζi+1) < ǫ, for i = 1, ..., k − 1. Since the closed
magnetic geodesics in π(Λ([ω0])) are isolated on the torus, we have that for ǫ small enough, the set
{π(ζi)}ki=1 ⊂ π(Σ̂(ω0)) must intersect the interior of each one of the cylinders obtained by cutting the
torus along the two curves γi, γj ∈ π(Λ([ω0])), with 1 ≤ i, j ≤ n. Therefore, choosing an orientation
on π(Λ([ω0])) and reordering the indices, we obtain a cycle of transversal heteroclinic orbits. This
implies that htop(dξ, c) > 0.
✷
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